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Abstract. The main purpose of this study is to investigate the
possibilities of monitoring crustal movement, during collec-
tive evaluation of first- and second-order GPS densification
networks. The new criteria, which are independent from the
network datum, are widely used for the evaluation and qual-
ity processing of geodetic networks. In this study, the values
of detectable minimum displacement for a real GPS network
are investigated as well as how sensitivity levels are affected
by additional datum conditions, which are added to the ad-
justment model.

1 Introduction

In a comparison of different periods or campaigns related to a
geodetic network, the magnitude of the undetectable system-
atic errors in the coordinate differences gives us important in-
formation about the sensitivity level of the geodetic network.
The reliability analysis of the geodetic networks was firstly
introduced by Baarda (1968) with his famous study about
data snooping. Nowadays, this approach, which is quite pop-
ular in the field of geodesy science, has been discussed to-
gether with robustness and sensitivity analysis. For example,
Baarda’s traditional reliability analysis has been augmented
with strain analysis in a doctoral thesis of Berber (2006).
The minimum detectable displacement value is called the
sensitivity of the deformation model (Hsu and Hsiao, 2002;
Küreç, 2010). Recently, research on robustness and sensitiv-
ity levels of geodetic networks has gained more importance.
Concentrating in the last few years the studies are carried
out together with strain models (Hsu et al., 2008; Han et

al., 2011; Even-Tzur, 2006, 2010). Even–Tzur (2010) sug-
gested that the sensitivity levels of geodetic networks could
be able to improve by using an extended Helmert transforma-
tion model representing the strain model. On the other hand,
Han et al. (2011) applied the sensitivity analysis techniques
for the network strain and stress analysis in their study (Han
et al., 2011).

In this study, a mixed approach is proposed for the analysis
of sensitivity. This approach is a synthesis of three different
analysis techniques, which are called a priori sensitivity anal-
ysis, external reliability analysis and the effects of extended
datum condition on the sensitivity levels. The suggested ap-
proach is tested in a real GPS densification (GPS-D) network,
and then the adequacy of obtained a priori sensitivity values
are reviewed together with reliability requirements. In addi-
tion, according to the extended datum condition, behaviours
of sensitivity levels are examined comparatively.

2 A priori sensitivity analysis technique

The observations in geodetic networks are evaluated collec-
tively with the Gauss-Markoff Model using the least squares
method (Wolf, 1975; Boljen, 1993; Koch, 2004). The least
squares estimation of the unknown parameters is obtained as

x̂ =

(
AT PA

)+

AT Pl = N+AT Pl, (1)

where A is the design matrix, P is the weight ma-
trix and l is the observation vector. The difference vec-
tor (d) for the adjusted coordinates (x̂i) in t1 and t2

Published by Copernicus Publications on behalf of the European Geosciences Union.



1300 P. Küreç and H. Konak: A priori sensitivity analysis for densification GPS networks

epochs can be described as

d = x̂2 − x̂1. (2)

The cofactor matrix of the difference vector is obtained by
using the propagation law of variance–covariance for Eqs. (1)
and (2).

Qdd =

(
AT

1 P1A1

)+

+

(
AT

2 P2A2

)+

= Qx1x1 + Qx2x2 (3)

The global congruence test value (T ) for analysis of the de-
formation measurements can be derived with the following
equation:(

T =
dT Q+

ddd

s2
0h

)
, (4)

whereh is rank of a deformation model ands2
0 is a priori vari-

ance of a deformation model (Pelzer, 1971; Öztürk and Şer-
betçi, 1992; Niemeier, 2002; Eshagh, 2009). IfT >Fh,f,1−α

(f is the degree of freedom for a deformation model and
(1− α) is a confidence level), it is assumed that the network
points include significant displacements.

The least squares estimation values of obtained unknown
parameters (x) as a result of the evaluation at any period of
a geodetic network depend upon the possible errors revealed
in observation vector (l). In the comparison process of a net-
work evaluated at different epochs, it is not proposed that the
datum, a priori variance of a unit weight and approximate
coordinates of the network are to be changed (Aksoy et al.,
1995).

If there is no displacement at the network points, it is as-
sumed that the observations vector includes randomly dis-
tributed errors. In this case, deformation model can be re-
formulated as the differential change of randomly distributed
observations (δl).

d = N+AT Pδl (5)

According to the propagation law of errors, the cofactor ma-
trix (Qdd ) can be written as

Qdd = N+. (6)

If there is any displacement in the networks points, one may
assume that the vector (d) has a normal distribution with
mean (̄d) and variance (6d ). In this case, the quadratic form
dT 6+

ddd has a chi-squared distribution with degree of free-

dom (u) and non-centrality parameterξ2
0 = d̄

T
6+

dd d̄ (Hsu
and Hsiao, 2002; Koch, 2004; Even-Tzur, 2010).

The Model Hypothesis test can be written as

H0 : ξ2
≤ δ2

0
H1 : ξ2>δ2

0,
(7)

whereδ2
0 is a threshold value of a non-centrality parameter,

H0 is the null hypothesis andH1 is the alternative hypothesis.

The null hypothesis is accepted if

ξ2
=

d̄
T

Pdd d̄

σ 2
≤ δ2

0. (8)

In other words, the vector (d) is a random vector and should
be considered as the marginal random error vector that con-
tains no information statistically (Hsu and Hsiao, 2002).
When Eq. (8) is resolved, the minimum detectable displace-
ment value is obtained as a sensitivity level. The quadratic

form d̄
T

Pdd d̄ is decomposed as

d̄
T

Pdd d̄ = d̄
T
S3ST d̄. (9)

This equation can be reconstructed as a function of eigenval-
ues

d̄
T

Pdd d̄ = ‖d‖

u∑
i=1

λi . (10)

Equation (10) can be derived as follows:

‖d‖
2
=

δ2
0σ 2

u∑
i=1

λi

, (11)

whereσ 2 is the theoretical variance of a unit weight andλi

is an eigenvalue forith network point. If Eq. (11) is written
for the largest eigenvalue (λmax) of the matrix (N), the mag-
nitude of marginal random-error vector is

‖d‖min =
δ0σ

√
λmax

, (12)

where‖d‖min is called the best sensitivity level or the mini-
mum detectable displacement value. Similarly, if Eq. (11) is
rewritten for the smallest eigenvalue (λmin), the worst capa-
bility of the network is

‖d‖max =
δ0σ

√
λmin

. (13)

In practical applications, the local sensitivity criteria are quite
useful. A global sensitivity criterion for the geodetic net-
works could be estimated by simple averaging all local sen-
sitivities (Hsu and Hsiao, 2002; Hsu et al., 2008).

Using Eq. (2), the displacement vector (d) is written for
3-D GPS networks as

dx1

dx2

.

dxu

=


N11 N12 . N1u

N21 N22 . N2u

. . . .

Nu1 Nu2 . Nuu


+

.


n1
n2
.

nu

 . (14)

For a single GPS station, this equation can be recon-
structed as

d i =
[

N11 N12 ... N1u

]+
.


n1
n2
:

nu

= N̈iAT Pl. (15)
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From Eq. (15), the law of variance–covariance propagation
gives us the cofactor matrix of (d i) as

Qdidi
= N̈iAT PQllPAN̈

T

i

Qdidi
= N̈iNN̈

T

i

(16)

or the weight matrix of (di) as

Pdi
= Q−1

didi
. (17)

By analysing the eigenvalues of the weight matrix (Pdi
) for

each network point, the minimum detectable displacement
values, namely the sensitivity levels, are estimated (Hsu and
Hsiao, 2002; Küreç, 2010).

2.1 Sensitivity analysis of geodetic densification
networks

The sensitivity levels for the geodetic network points are in-
dividually computed (Küreç, 2010). The computed steps are
summarized as follows:

(a) For each station point, weight matrix (Nii) is computed.

Nii = (N̈iNN̈
T

i )−1
= P−1

di

Nii =

 n11 n12 n13
n21 n22 n23
n31 n32 n33


i

(18)

(b) Eigenvalues and eigenvectors are computed for each
(Nii).

(c) The direction cosines are computed from the eigenvec-
tor matrix (S) for each unknown coordinate. The values
give us information about the directions of azimuth and
zenith angles.

(d) The direction cosines are transformed into a local
topocentric coordinate system (n, e, w). n

e

w

=

 −sinφ cosλ −sinφ sinλ cosφ
−sinφ cosλ 0

cosφ cosλ cosφ sinλ sinφ

 .

 1X

1Y

1Z

 (19)

Instead of vector components,
[

1X 1Y 1Z
]T

are replaced by the direction cosines, namely principal
stress elements. n

e

w

=

 −sinφ cosλ −sinφ sinλ cosφ
−sinφ cosλ 0

cosφ cosλ cosφ sinλ sinφ

 .

 cosα
cosβ
cosγ

, (20)

whereϕ andλ are ellipsoidal coordinates.

(e) The azimuth and zenith angles of eigenvectors are com-
puted thus:

α = tan−1 e

n
, (21)

ς = 90◦
− tan−1 w

√
e2 + n2

. (22)

(f) By use of the azimuth and zenith angles, the displace-
ments elements are determined as

ẽ = ‖d‖minsinς sinα; ñ = ‖d‖maxsinς cosα, (23)

whereẽ is east and̃n is north components of marginal
displacement vector.

(g) The local sensitivity levels obtained for every network
point are indicated.

(h) The external reliability values are computed for every
geodetic network point.

(i) The observation plan is reviewed once more.

(j) The quantitative and graphical results are interpreted
collectively.

2.2 The external reliability criteria

“During the total evaluation process of the observations, the
estimated residuals belonging to each observation are ob-
tained with respect to the random errors, mentioned on the
estimated values determined depending upon the reliability
rate of observations” (Konak et al., 2005). The reliability of a
geodetic network can be described as the undetectable gross
errors or influences of the maximum undetectable blunders
(10i) on the coordinate unknowns (Kuang, 1991; Konak,
1995). Equation (1) is modified as

1x =

(
AT PA

)−1
AT Pei10i . (24)

Then a reliability criterion can be determined as independent
from datum definition, namely the external reliability.

‖δ0i‖
2
= 1xT

∑
−1
xx 1x

=
1

m2
0
12

0ie
T
i PAQxxQ−1

xx QxxAT Pei,
(25)

where10i is the internal reliability andm2
0 is the a posteriori

value of the experimental variance (Niemeier, 2002; Öztürk
and Şerbetçi, 1992).

This equation is designed as

‖δ0i‖
2
=

1
m2

0

δ2
0m2

0
eT
i PQvvPei

eT
i PAQxxAT Pei

= δ2
0

eT
i P(Qll−Qvv)Pei

eT
i PQvvPei

,

(26)
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Table 1. The critical values of reliability levels in geodetic networks (forδ2
0

= 10.903). Significant levelα0 = 0.05, the power of the test
γ0 = %80 and degree of freedomh = 3.

Redundancy Internal reliability External reliability Controllability rate
ri = (QvvPi)ii k = 1oi/mi δ0i

0 ≤ ri<0.01 30≤ k<∞ 25≤ δ0i < ∞ Uncontrollable
0.01≤ ri < 0.10 10≤ k<30 15≤ δ0i < 25 Weak
0.10≤ ri < 0.30 6≤ k < 10 8≤ δ0i < 15 Sufficient
0.30≤ ri < 1.00 0≤ k<6 0≤ δ0i < 8 Excellent

19 

 

 1 

 2 

Figure 1. Observation Plan of Kocaeli GPS-D Network [(  ): Moving Points, according to 3 

results of 3D Helmert Transformation (m0=2.20 cm). (  ): Moving Points, according to results 4 

of Extended Helmert Transformation (m0=2.54 cm). (  ): Fixed Points, according to the result 5 

of Helmert Transformation. The red base lines show external reliability values higher than 8.] 6 

 7 

 8 

 9 

Figure 1. Observation plan of the Kocaeli GPS-D network ((◦):
moving points according to results of 3-D Helmert transformation
(m0 = 2.20 cm); (M): moving points according to results of ex-
tended Helmert transformation (m0 = 2.54 cm); (�): fixed points
according to the result of Helmert transformation. The red base lines
show external reliability values higher than 8.).

whereei is a design vector forith GPS station,Qxx is the
cofactor matrix of the unknown parameters,Qll is the cofac-
tor matrix of observations andQvv is the cofactor matrix of
corrections.

eT
i

=
[

0 0 0 1 0 0 . . . 0 0 0
]

(for 1x observation)
eT
i

=
[

0 0 0 0 1 0 . . . 0 0 0
]

(for 1y observation)
eT
i

=
[

0 0 0 0 0 1 . . . 0 0 0
]

(for 1z observation)

(27)

The controllability levels and precision of observations are
important indicators of geodetic network quality. “Geodetic
Networks, in order to perform the duty expected from them,
are designed to fit into the most suitable structure in terms
of observation plan, precision and reliability.” As a result of
this, the detectable capacity of the network’s deformations
depends upon the quality of the network (Konak et al., 2005;
Öztürk and Şerbetçi, 1992). In a sufficiently designed geode-

tic network, external reliability levels (δ0i) remain between 6
and 10 units (Table 1).

For this aim, an analytical approximation for the optimal
observation plan and optimal dispersion of their reliabilities,
namely second-order design problems, should be purposed.
However, the primary subject of the study is not the devel-
opment of any second-order design (SOD). For more de-
tails, the literature (Cross, 1985; Kuang, 1991; Konak, 1995;
Yetkin andİnal, 2011) should be viewed. A standard SOD
process is summarized by the following.

(a) Specify a set of possible observations (or configuration)
and their precision and reliability criteria.

(b) The second-order design problems are solved and obser-
vation weights (pi) are obtained. Ifpi < 0, theith ob-
servation is removed from the observation plan and this
solution method is iterated (for example, a weight opti-
mization based on the least squares solution) (Schmitt,
1985).

(c) Discard any observations whose required variance is
large because they will not significantly contribute to
the final precision and reliability of the network.

In last step, if external reliability values (|δoi |) ≤ 6, the ith
observation is discarded and then the reliability dispersion of
network is checked once more. If the specified criteria are
satisfied, the process of SOD is ended.

3 A sensitivity analysis strategy for the Kocaeli IZDO-
GAP GPS densification network

In this paper, a scientific and engineering purposed network
(Kocaeli GPS-D network) is considered as a sample GPS
network. The network is located west of the North Anato-
lian Fault Zone (NAFZ) called as thėIzmit-Sapanca Fault
in Turkey. It is situated approximately from 40◦30′ N to
41◦00′ N latitude and from 29◦00′ E to 30◦30′ E longitude
(Fig. 1).

“As known, the Anatolian plate squeezed by the Ara-
bian plate is escaping towards the west along the North
and Eastern Anatolian Faults. As a result of this the Ana-
tolian plate expands and rotates anticlockwise in the west”
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Table 2.Reliability levels in the Kocaeli GPS-D network.

Redundancy Internal reliability External reliability

0.10≤ ri<0.30 0.30≤ ri < 1.00 6≤ k < 10 0≤ k < 6 8≤ δ0i < 15 0≤ δ0i < 8
Sufficient Excellent Sufficient Excellent Sufficient Excellent

B
as

e
lin
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19–16

T
he

ot
he

r
26

0
ba

se
lin

es

19–16

T
he

ot
he

r
26

1
ba

se
lin

es

19–16

T
he

ot
he

r
26

2
ba

se
lin

es

17–19 17–19 17–19
24–27 24–27 24–27
27–33 27–33 27–33
7–9 7–9 7–9

103–38 103–38 103–38
8–2 – 8–2

93–96 – 93–96
– 39–38 39–38

3–4 – –
71–67 – –
87–52 – –

– 28–49 –
– 57–56 –
– 99–95 –

(İnce et al., 2001). In 1999, two earthquakes of 7.4 and 7.2
magnitude occurred in the study area. Due to the geody-
namic nature of the region, the study area is expected to
move approximately 1–2 cm per year. Therefore, the the Ko-
caeli GPS-D network has been established to monitor crustal
movement effects and to control for natural gas pipelines
since 2009. The aim of the paper is to focus on the a pri-
ori sensitivity analysis for the network points. In the sample
GPS network, there are in total 271 baseline vectors ranging
approximately from 3 to 15 km. This network has 106 GPS
points. In this network, 83 GPS points selected from TUTGA
(Turkish National Fundamental GPS Network), AGA and
SGA (first- and second-order densification GPS network) are
designed as common control points (IZDOGAP, 2011).

The observation plan of the Kocaeli GPS-D network is
created by using a weight optimization based on the least
squares solution. According to the result of the optimiza-
tion operation, 271 GPS base lines are chosen for use in the
Kocaeli GPS-D network with 106 points. The GPS observa-
tions of the Kocaeli GPS-D network are evaluated together
in the Gauss–Markov model as the indirect measurements
and then the reliability values of all observations at the first
epoch (t0 = 2009) are computed. Then, the dispersion of ob-
servations and their reliability values are checked. When the
observations of the network are analysed according to the
criteria of reliability, controllability rate of approximately 10
GPS base lines are qualified as “sufficient” and the others are
also “excellent” (Table 2). Some of the sufficient base lines
are located in the inner zone of the network and the others
are also in the polygonal-shaped loops (Fig. 1).

The Kocaeli GPS-D network is dealt with in the form of
two mean blocks according to the nature of their geody-
namic. The network is divided by the NAFZ. Due to geo-

logical and geodynamic natures of NAFZ, the south of the
Kocaeli GPS-D network has a different network’s barycentre
(shift) and rotation. Furthermore, the south part of the net-
work is regarded as a separate block (active block; Block B).

Using the free network adjustment method, the network is
evaluated in the datum of the common network points which
are located in the north of NAFZ (block A). Then the free
adjusted coordinates set of block B is transformed into a new
datum belonging to a different barycentre by using an ex-
tended Helmert transformation model (Fig. 1). This evalua-
tion process is summarized as follows:

(a) For the common network points selected as the datum
point, the transformation matrix is formulated as

G3,u =


1

√
p

0 0 1
√

p
0 0 . . 1

√
p

0 0

0 1
√

p
0 0 1

√
p

0 . . 0 1
√

p
0

0 0 1
√

p
0 0 1

√
p

. . 0 0 1
√

p

, (28)

wherep is the number of points in the GPS network.
For the partial trace minimum constraints solution,G
matrix is reformed by multiplyingEi matrix. Diago-
nal elements ofEi matrix are “1” for the datum points
and are “0” for the others. Thus, under an optimum da-
tum condition, the cofactor matrix for coordinate un-
knowns is specified (Eshagh, 2009; Küreç, 2010; Küreç
and Konak, 2011).

Bi = EiG

Qxx = (AT PA)− = (AT PA + BiBT
i )−1

−G(GT BiBT
i G)−1GT .

(29)
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Table 3.A comparison between the sensitivity levels and their orientations in the active block.

1st solution 2nd solution

Point no. Total trace min. Total trace min. Partial trace min.

dmin dmax azimuth zenith dmin dmax azimuth zenith dmin dmax azimuth zenith

101 0.47 1.33 89.890 74.894 0.28 0.85 89.849 75.816 0.28 0.83 89.839 76.745
102 0.66 1.86 89.932 83.857 0.49 1.43 89.958 270.243 0.49 1.44 89.958 270.906
H22-G001 (103) 0.99 2.75 89.983 86.822 0.81 2.29 89.978 270.243 0.81 2.29 89.974 270.527
H23-G001 (104) 0.67 1.87 89.915 64.827 0.43 1.28 89.903 55.334 0.43 1.28 89.904 55.099
G22A0002 (20) 0.52 1.42 89.980 81.299 0.35 0.96 89.988 84.770 0.36 0.98 89.997 85.836
34 0.50 1.42 89.998 83.746 0.34 1.01 90.034 89.732 0.34 1.03 90.048 272.114
35 0.52 1.43 89.984 82.548 0.37 1.03 89.992 85.274 0.38 1.06 89.998 86.048
36 0.53 1.45 89.974 83.544 0.38 1.05 89.972 85.578 0.39 1.07 89.977 85.572
37 0.55 1.49 89.947 75.038 0.40 1.07 89.918 73.178 0.40 1.09 89.922 73.195
38 0.58 1.53 89.961 81.545 0.38 0.96 89.943 85.026 0.39 0.97 89.948 86.238
39 0.54 1.44 89.965 79.596 0.34 0.89 89.952 80.133 0.35 0.90 89.960 81.614
G23A0003 (46) 0.34 1.09 89.990 71.073 0.28 0.92 90.001 70.240 0.27 0.92 89.997 68.550
G23A0007 (47) 0.37 1.10 89.937 70.963 0.32 0.97 89.925 69.714 0.32 0.97 89.923 68.983
G23-G001 (48) 0.51 1.44 89.940 74.267 0.43 1.21 89.918 73.302 0.44 1.24 89.915 73.396
53 0.40 1.15 89.977 77.553 0.33 0.97 89.992 80.716 0.33 0.96 89.988 80.585
55 0.56 1.49 89.937 74.801 0.49 1.28 89.932 75.421 0.49 1.29 89.933 75.954
56 0.67 1.76 89.922 82.980 0.58 1.52 89.900 85.060 0.59 1.55 89.904 85.495
57 0.64 1.66 89.948 78.032 0.56 1.43 89.941 77.322 0.58 1.47 89.943 77.543
58 0.60 1.72 89.983 84.356 0.50 1.47 89.992 85.864 0.51 1.50 89.995 86.230
66 0.52 1.45 90.037 85.400 0.47 1.33 90.061 86.346 0.47 1.33 90.062 85.774
67 0.47 1.27 89.938 73.179 0.42 1.13 89.941 72.643 0.42 1.14 89.943 72.577
70 0.38 1.13 90.016 75.296 0.32 1.00 90.039 75.001 0.32 1.00 90.042 73.722
71 0.41 1.14 89.952 73.721 0.36 1.00 89.957 72.782 0.36 1.00 89.959 72.450
72 0.46 1.33 89.933 76.428 0.39 1.14 89.921 75.673 0.40 1.16 89.918 75.644
77 0.34 1.03 89.972 69.785 0.29 0.90 89.975 67.912 0.28 0.90 89.976 66.371
78 0.50 1.43 89.959 72.823 0.43 1.24 89.951 71.530 0.44 1.27 89.948 71.803
G24A0006 (83) 0.47 1.23 89.952 82.296 0.38 1.26 89.961 273.331 0.38 0.97 89.951 276.898
G24-G001 (85) 0.42 1.20 89.931 73.051 0.29 0.85 89.938 70.851 0.28 0.83 89.937 73.380
90 0.57 1.60 89.927 73.926 0.36 1.07 89.932 74.927 0.37 1.09 89.937 76.906
91 0.43 1.15 89.927 75.308 0.33 0.86 89.932 78.154 0.33 0.83 89.923 84.073
95 0.43 1.17 89.933 76.857 0.29 0.77 89.943 82.972 0.28 0.76 89.938 87.978
98 0.51 1.41 89.901 78.245 0.33 0.93 89.970 81.241 0.33 0.92 89.965 82.613
99 0.44 1.25 89.916 75.087 0.30 0.86 89.903 76.061 0.30 0.85 89.896 77.934∑

dmin
33 = 0.52 cm

∑
dmin
33 = 0.39 cm

∑
dmin
33 = 0.40 cm

(b) A congruence test is realized for 83 common points. As
a result of this test, the distributions of moving and fixed
points in the network are determined. By also consider-
ing the tectonic nature of the region, the active block of
the network is defined (Fig. 1). Cofactor elements re-
lated to the active block points are selected as a sepa-
rately sub-matrix from among the cofactor matrix ele-
ments. The new cofactor matrix is indicated in the form
Qẋẋ .

By using an extended Helmert transformation matrix
(H), the cofactor matrix (Qẋẋ) formed for active block
points is transformed. Thus, the datum of the active
block is identified (Papo, 1999; Even-Tzur, 2006; Küreç

and Konak, 2011).

HT
u,12 =


1 0 0 0 z

′′

i −y
′′

i x
′′

i 0 0 0 z
′′

i y
′′

i

0 1 0 −z
′′

i 0 x
′′

i 0 y"
i 0 z

′′

i 0 x
′′

i

0 0 1 y
′′

i −x
′′

i 0 0 0 z
′′

i y
′′

i x
′′

i 0
. . . . . . . . . . . .

0 0 1 y
′′

u −x
′′

u 0 0 0 z
′′

u y
′′

u x
′′

u 0

, (30)

Qx̄x̄ = HT (HQ−1
ẋẋ HT )−1H (31)
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Table 4.Sensitivity and reliability levels of the active block in the Kocaeli GPS-D network.
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Table 3. Sensitivity and Reliability Levels of the Active Block in the Kocaeli GPS-D Network                          1 

Results of total trace minimum ( 1st Solution ) 

Point  

no. 

Sensitivities 
(cm) 

Semi-axes of Error 
Ellipsoid (cm) 

Reliabilities 
Position in network 

of points 

Comment for 
sensitivity (S) 

and 
reliability (R) dmin dmax AH  BH CH minδ  maxδ  meanδ  

101 0.47 1.33 0.91 0.32 0.47 2.20 5.42 3.23 An inner zone point S (+) and R (+) 
102 0.66 1.86 1.26 0.45 0.60 1.93 5.01 3.73 An outer zone point S (*) and R (+) 

H22-G001 
(103) 0.99 2.75 1.85 0.67 0.88 1.01 11.41 3.88 

An outer zone point S (?) and R (*) 

103 38−l  

H23-G001 
(104) 0.67 1.87 1.26 0.46 0.61 0.96 2.76 1.86 An outer zone point S (*) and R (+) 

G22A0002 
(26) 

0.52 1.42 0.96 0.35 0.44 1.31 5.79 3.62 Around the NAFZ 
S (+) 
and 

R (+) 34 0.50 1.42 0.96 0.34 0.43 1.46 5.10 2.49 Around the NAFZ 
35 0.52 1.43 0.97 0.35 0.45 1.81 5.79 3.49 Around the NAFZ 
36 0.53 1.45 0.98 0.36 0.48 1.22 6.03 3.33 An inner zone point S (+) and R (+) 
37 0.55 1.49 1.01 0.37 0.52 1.31 4.52 2.63 Around the NAFZ S (+) and R (+) 

38 0.58 1.53 1.03 0.39 0.49 1.99 11.41 5.61 

A neighbour  point to 
the outer zone 

103 38−l  

S (*) and R (+) 

39 0.54 1.44 0.98 0.37 0.46 1.14 10.24 3.67 
A neighbour  point to 

the outer zone 38 39−l  

S (+) and R (+) 

G23A0003 
(46) 0.34 1.09 0.74 0.24 0.33 1.23 5.55 2.93 Around the NAFZ 

S (+) 
and 

R (+) G23A0007 
(47) 

0.37 1.10 0.75 0.25 0.37 1.63 5.06 3.27 Around the NAFZ 

G23-G001 
(48) 

0.51 1.44 0.97 0.35 0.51 2.38 8.24 4.24 
An inner zone point 

48 72−l  

S (+) and R (*) 

53 0.40 1.15 0.80 0.28 0.36 1.92 5.55 3.74 Around the NAFZ S (+) and R (+) 

55 0.56 1.49 1.01 0.38 0.51 1.51 4.82 2.84 
A neighbour  point to 
the outer zone 

S (+) and R (+) 

56 0.67 1.76 1.19 0.45 0.54 1.46 6.74 3.68 
A neighbour  point to 
the outer zone 

S (*) and R (+) 

57 0.64 1.66 1.12 0.43 0.56 1.22 6.74 3.21 
A neighbour  point to 
the outer zone 

S (*) and R (+) 

58 0.60 1.72 1.16 0.41 0.52 1.46 4.78 2.69 Around the NAFZ Sensitivity (+) 
Reliability (+) 66 0.52 1.45 0.99 0.35 0.50 0.96 4.97 2.66 Around the NAFZ 

67 0.47 1.27 0.86 0.32 0.48 1.65 7.08 3.22 
A neighbour  point to 
the outer zone 

S (+) and R (+) 

70 0.38 1.13 0.77 0.25 0.36 1.23 3.83 2.49 An inner zone point S (+) and R (+) 
71 0.41 1.14 0.77 0.28 0.40 1.87 7.08 3.58 Around the NAFZ S (+) and R (+) 
72 0.46 1.33 0.90 0.31 0.48 2.25 8.24 4.75 Around the NAFZ S (+) and R (*) 
77 0.34 1.03 0.70 0.23 0.32 2.03 6.37 3.69 Around the NAFZ S (+) and R (+) 
78 0.50 1.43 0.97 0.34 0.50 2.59 6.04 3.98 An inner zone point S (+) and R (+) 

G24A0006 
(83) 0.47 1.23 0.83 0.32 0.38 1.78 5.04 3.11 Around the NAFZ 

S (+)  
and 

R (+) G24-G001 
(85) 0.42 1.20 0.83 0.29 0.38 1.74 4.51 3.24 Around the NAFZ 

90 0.57 1.60 1.08 0.38 0.49 0.96 4.82 3.65 
A neighbour  point to 
the outer zone 

S (*) and R (+) 

91 0.43 1.15 0.81 0.30 0.37 1.58 4.27 2.88 Around the NAFZ 
S (+) 
and 

R (+) 

95 0.43 1.17 0.80 0.29 0.37 1.74 5.91 3.15 Around the NAFZ 
98 0.51 1.41 0.96 0.35 0.48 1.58 5.42 3.16 Around the NAFZ 
99 0.44 1.25 0.86 0.30 0.41 2.90 5.91 4.49 Around the NAFZ 

Degrees of sensitivity (S)    (+): Excellent (dmin≤0.5)    (*): Sufficient (0.5<d min≤1.0)  (?): Weak (dmin>1.0) 

Degrees of  reliability (R) (+): Excellent ( 80 0 <δ i≤ ) (*): Sufficient ( 158 0 <δ i≤ ) (?): Weak ( 2515 0 <δ i≤ ) 
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Figure 2. A Graphical Comparison for Sensitivity Levels 3 
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Figure 2. A graphical comparison for sensitivity levels.
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Figure 3. The Sensitivity Contours Map of Kocaeli GPS-D Network (Units of Contours are 3 

mm*10) 4 

 5 

 6 

 7 

Figure 3. The sensitivity contours map of the Kocaeli GPS-D net-
work (units of contours are mm× 10).

where (x
′′

i ,y
′′

i ,z
′′

i ) are coordinates whose barycentre is
shifted and which standardized;Qx̄x̄ is the cofactor ma-
trix of active block datum.

(c) The weight matrix (N), which is computed for each
point in the active block, is decomposed, and their
eigenvalues (λi) and eigenvectorsSi) are computed.
The eigenvectors (direction cosines) corresponding to
the maximum eigenvalues (principal stress;λmax) are

determined, and then local coordinates of the direction
cosines are computed.

(d) Using local coordinates obtained, the azimuth and
zenith angles related to the direction cosines are ac-
quired.

(e) According to the zenith and azimuth values, the sensi-
tivity levels are computed (Table 3).

For computations of sensitivity levels, two different so-
lutions are applied:

(a) the total and the partial trace minimum constraint
solutions (1st solution)

(b) the total and the partial trace minimum constraint
solutions by using extended Helmert transforma-
tion for only the active block (2nd solution)

The results are summarized in a table format (Table 3),
(Fig. 2).

4 Analysis and results

In the both first and second solutions, sensitivity level values
do not change according to results of the network evaluations
in both the total and partial trace minimum method (Table 3).
In other words, experimentally, it is observed that sensitiv-
ity levels are independent from datum selections. In the first
solutions, the sensitivity level values for the whole Kocaeli
GPS-D network points vary between 0.34 and 0.99 cm. The
mean sensitivity level value is also 0.48 cm (Fig. 3).
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In the second solution, sensitivity level values decrease
(Fig. 2, Table 3). In other words, this case indicates that the
extended Helmert transformation improves the minimum de-
tectable displacement capacity of the network.

The best sensitivity level values of the Kocaeli GPS-D net-
work are reached for points closest to the NAFZ. For active
block points, the sensitivity level values are between 0.34
and 0.60 cm for points around the NAFZ, between 0.38 and
0.53 cm for the inner zone points of the network, between
0.47 and 0.67 cm for neighbour points to the outer zone of
the network and between 0.66 and 0.99 cm for the outer zone
points of the network (Table 3, 4).

Maximum and minimum external reliability values of
GPS observations for each single GPS station are computed.
These values are between 0.94 and 2.33 for points around the
NAFZ, between 1.28 and 2.33 for the inner zone points of the
network, between 1.36 and 3.23 for neighbour points to the
outer zone of the network and between 0.78 and 3.23 for the
outer zone points of the network. Maximum, minimum and
mean external reliability values for active block points are
illustrated in Table 4.

In Fig. 1, the red base lines show external reliability values
higher than 8. Although they are at the polygonal loops, these
observations have a sufficient reliability level. Degrees and
decisions of sensitivity and reliability for active block points
are illustrated in Table 4.

5 Conclusions

Sensitivity and reliability levels are a good indicator for net-
work quality. According to these values, the Kocaeli GPS-
D network has a sufficiently capacity for the researching of
minimum detectable displacement. The mean of sensitivity
level is 0.51 cm for active block. In other words, the Kocaeli
GPS-D network is designed sufficiently to sense the annual
velocity rates.

If any GPS observation has worse sensitivity (dmin) or ex-
ternal reliability level (δmax), the weight of this observation
and its position in the observation plan must be checked once
more. In this case, it should be suggested that a standard SOD
is applied.

In this study, the obtained sensitivity and reliability levels
are a priori findings for the observation plan at the first epoch.
This network should be observed during at least two mea-
surement periods to reach the experimental sensitivity anal-
ysis results. According to a priori findings, it is decided that
any improvement on the network’s observation plan is not
necessary.

Finally, the second solution based on extended Helmert
transformation gives results more optimistic than the
first solution. However, results from the first solution
are quite sufficient.
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